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Abstract. VERSION FRANQAISE: Motive par le theoreme de Drinfeld sur les espaces de 
Poisson homogenes, nous etudions la variete £ des sous-algebres de Lie Lagrangiennes de g © g 
pour g, une algebre de Lie complexe semisimple. Soit G le groupe adjointe de g. Nous montrons 
que les adherences des (G x G')-orbites dans C sont les varietes spheriques et lisses. Aussi, 
nous classifions les composantes irreductibles de £ et nous montrons qu'elles sont lisses. Nous 
employons quelques methodes de M. Yakimov pour donner une nouvelle description et une 
nouvelle preuve de la classification de Karolinsky des orbites diagonales de G dans £, quel, 
comme cas special, donne la classification de Belavin-Drinfeld des r-matrices quasitriangulaires 
de g. En outre, £ possede une structure de Poisson canonique, et nous calculous son rang 
a chaque point and nous decrivons sa decomposition en feuilles symplectiques en termes des 
intersections des orbites des deux sous-groupes de G x G. 

ENGLISH VERSION: Motivated by Drinfeld's theorem on Poisson homogeneous spaces, we 
study the variety £ of Lagrangian subalgebras of g © g for a complex semi-simple Lie algebra 
g. Let G be the adjoint group of g. We show that the (G x G)-orbit closures in £ are smooth 
spherical varieties. We also classify the irreducible components of £ and show that they are 
smooth. Using some methods of M. Yakimov, we give a new description and proof of Karolinsky's 
classification of the diagonal G-orbits in £, which, as a special case, recovers the Belavin- 
Drinfeld classification of quasi-triangular r-matrices on g. Furthermore, £ has a canonical 
Poisson structure, and we compute its rank at each point and describe its symplectic leaf 
decomposition in terms of intersections of orbits of two subgroups of G x G. 
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1. Introduction 

Let t) be a 2n-dimensional Lie algebra over /c = M or C, together with a symmetric, non- 
degenerate, and ad-invariant bilinear form ( , ). A Lie subalgebra [ of is said to be Lagrangian 
if [ is maximal isotropic with respect to ( , ), i.e., if dim^ [ = n and if (x, y) = for all x,y i. 
By a Lagrangian splitting of t) we mean a direct sum decomposition c) = li + 12; where and [2 
are two Lagrangian subalgebras of d. Denote by >C(f ) the set of all Lagrangian subalgebras of 0. 
It is an algebraic subvariety of the Grassmannian Gr(n,i)) of n-dimensional subspaces of 0, and 
every connected Lie group D with Lie algebra D acts on C{d) via the adjoint action of D on 0. 
We proved in IE-L2' that each Lagrangian splitting = li + I2 gives rise to a Poisson structure 
IIi^jj on jC(Ii), making C(d) into a Poisson variety. Moreover, if Li and L2 are the connected 
subgroups of D with Lie algebras (i and (2 respectively, all the Li and L2-orbits in i2(f ) are 
Poisson submanifolds of IIj^ 

The above construction in |E-L2j was motivated by the work of Drinfeld |Drj on Poisson 
homogeneous spaces. Indeed, a Lagrangian splitting = (1 + (2 of i) gives rise to the Manin 
triple (i), ti, I2), which in turn defines Poisson structures vri and 7r2 on Li and L2 respectively, 
making them into Poisson Lie groups |K-Sj . A Poisson space (M, vr) is said to be (Li,7ri)- 
homogeneous if Li acts on M transitively and if the action map Li x M — > M is Poisson. In 
|Drj . Drinfeld constructed an Li-equivariant map M for every (Li, 7ri)-homogeneous 

Poisson space (M, vr) and proved that (Li, 7ri)-homogeneous Poisson spaces correspond to Li- 
orbits in C{d) in this way. The Poisson structure 11(^^2 on C{d) is constructed in such a way that 
the Drinfeld map M — > >C(i)) is a Poisson map. In many cases, the Drinfeld map M — > >C(c)) is 
a local diffeomorphism onto its image. Thus we can think of Li-orbits in C{d) as as models for 
(Li, 7ri)-homogeneous Poisson spaces. For this reason, it is interesting to study the geometry of 
the variety C{d), the Li and L2-orbits in C{d), and the Poisson structures 11 [2 on C{T>). 



3 



There are many examples of Lie algebras D with symmetric, non-degenerate, and ad-invariant 
bilinear forms. The geometry of Cid) is different from case to case. Moreover, there can be 
many Lagrangian splittings for a given d, resulting in many Poisson structures on C(li). 

Example 1.1. Let g be a complex semi-simple Lie algebra and regard it as a real Lie algebra, 
and let ( , ) be the imaginary part of the Killing form of g. The geometry of C{g) was studied 
in |E-L2j . In particular, we determined the irreducible components of C{q) and classified the G- 
orbits in C{q), where G is the adjoint group of g. Let g = t + a + n be an Iwasawa decomposition 
of g. Then both t and a -|- n are Lagrangian, so g = 6 -|- (a -|- n) is a Lagrangian splitting, 
resulting in a Poisson structure on C{q) which we denote by ttq. Many interesting Poisson 
manifolds appear as G or i^-orbits inside C{q), where K is the connected subgroup of G with 
Lie algebra t. Among such Poisson manifolds are the flag manifolds of G and the compact 
symmetric spaces associated to real forms of G. Detailed studies of the Poisson geometry of 
these Poisson structures and some applications to Lie theory have been given in |Lulj . |Lu2j . 
|E-Llj . and |Ft-Lj . For example, a flag manifold X of G can be identified with a certain JC-orbit 
in C{g). The resulting Poisson structure ttq on X is called the Bruhat- Poisson structure because 
its symplectic leaves are Bruhat cells in X. In ^Lul, and |E-Llj . we established connections 
between the Poisson geometry of ttq and the harmonic forms on X constructed by Kostant |Koj 
in 1963, and we gave a Poisson geometric interpretation of the Kostant-Kumar approach |K-Kj 
to Schubert calculus on X. 

Example 1.2. Let g be any n-dimensional Lie algebra, and let be the semi-direct product of g 
and its dual space g*. The symmetric bilinear form y + rf) = {x, rj) + {y, ^) for x,y (z Q and 

G g* is non-degenerate and ad-invariant. When g is semi-simple, Lagrangian subalgebras of 
d are not easy to classify (except for low dimensional cases), for, as a sub-problem, one needs 
to classify all abelian subalgebras of g. See |K-Sj . |Ka-Stj . and their references for more detail. 
The description of the geometry of C{d) in this case is an open problem. 

In this paper, we consider the complexification of Example 11.11 Namely, let g be a complex 
semi-simple Lie algebra and c) = g © g the direct sum Lie algebra with the bilinear form 

((xi,X2), (2/1,2/2)) =< xi,yi » - <C X2,y2 », xi,X2,yi,y2 € g, 

where <C , ^ is a fixed symmetric, non-degenerate, and ad-invariant bilinear form on g. The 
variety of Lagrangian subalgebras of i) with respect to ( , ) will be denoted by C 

The classification of Lagrangian subalgebras of d has been given by Karolinsky |Kaj . and 
Lagrangian splittings of g © g have been classified by Delorme |Dej . In this paper, we establish 
the first few steps in the study of the Poisson structures on C defined by Lagrangian splittings 
of g © g. Namely, we will first describe the geometry of C in the following terms: 

1) the (G X G)-orbits in C and their closures, where G is the adjoint group of g; 

2) the irreducible components of C; 

We then look at the Poisson structure IIq on £. defined by the so-called standard Lagrangian 
splitting f = gA + Sst' where g^ = {{x,x) : x € g} and ggt C b © b~, where b and b~ are two 
opposite Borel subalgebras of g. Let Ga = {(9,9) '■ 9 £ G}, and let B and B~ be the Borel 
subgroups of G with Lie algebras b and b~ respectively. We will compute the rank of IIq in C 
and study the symplectic leaf decomposition of C with respect to IIq in terms of the intersections 
of Ga and [B x i?~)-orbits in C. 
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We regard the Poisson structure Ho as the most important Poisson structure on especiahy 
since it is more closely related to applications to other areas of mathematics. The study of the 
symplectic leaf decomposition of the Poisson structure defined by an arbitrary Lagrangian 
splitting fl © s = [i + [2 will be carried out in |Lu-Y2j using results of |Lu-Ylj . This analysis is 
much more technically involved, so we think it is worthwhile to present the important special 
case of Ho separately. In particular, in computing the rank of Hq in >C, we need to classify 
GA-orbits in L and compute the normalizer subalgebra of every [ G C The classification 

of GA-orbits in L follows directly from a special case of Theorem 2.2 in |Lu-Ylj . However, the 
inductive procedure used in the proof of Theorem 2.2 in |Lu-Ylj is rather involved. To make 
the paper self-contained and more comprehensible, we present a shorter inductive proof for the 
classification of GA-orbits in C Our proof and the one in |Lu-Ylj are both adapted from [Yj. 
The description of the normalizer subalgebra of Aa [ G can be derived from Theorem 2.5 
in |Lu-Ylj . Again for the purpose of completeness and comprehensibility, we give a simple and 
more direct computation of these subalgebras. 

We point out that E. Karolinsky has in |Kaj given a classification of GA-orbits in L in 
different terms. Our classification is more in line with that of Lagrangian splittings in jPej . 
and in particular, the Belavin-Drinfeld theorem |B-Drj on Lagrangian splittings of the form 
S © S = 0A + ' follows easily from our classification, but does not seem to be easily derived 
from Karolinsky's classification. A special case of our classification is the classification of GA- 
orbits on the wonderful compactification of G, and this special case was first determined by 
Lusztig in |Luszlj and |Lusz2j , where it is used to develop a theory of character sheaves for the 
compactifications. Our arguments are somewhat different from those in |Luszlj and |Lusz2j . It 
would be very interesting to find connections between Poisson geometry and character sheaves. 

We now give more details of the main results in this paper: 

Following O. Schiffmann |Schj . we define a generalized Belavin-Drinfeld triple (generalized 
BD-triple) to be a triple (5, T, d), where S and T are two subsets of the set T of vertices of the 
Dynkin diagram of 3, and d : S ^ T is an isometry with respect to <C , For a generalized 
BD-triple {S,T,d), let Ps and be respectively the standard parabolic subgroups of G of 
type S and opposite type T (see Notation I2.11() and Levi decompositions Ps = MsNs and 
P^ = MtN^ ■ Let Gs and Gt be the quotients of Ms and Mt by their centers respectively, 
and let xs ■ Ms Gs and xt '■ Mt — > Gt be the natural projections. Let 7^ : Gs — > Gt be 
the group isomorphism induced by d, and define the subgroup Rs,T,d of Ps x by 

Rs,T,d = {{ms,mT) €MsX Mt: Idixsims)) = XT{mT)}{Ns x iV^). 

In Section[2 we establish the following facts on (Gx G)-orbits and their closures in C (Proposition 
ITT71 Corollary 11211 and Proposition IT^ : 

1) Every (G x G) -orbit in C is isomorphic to (G x G)/Rs^T,d for a generalized BD-triple 
(S,T,d), so the (G x G)-orhit types in C correspond bijectively to generalized BD-triples for G; 
Every (G x G)-orhit in C is a {G x G)-spherical homogeneous space. 

2) For a generalized BD-triple {S, T, d), the closure of a {Gx G) -orbit of type {S, T, d) is a fiber 
bundle over the flag manifold G/Ps x G/P^ whose fiber is isomorphic to a De Concini-Procesi 
compactification of Gs ■ 

We also study in Section [U the irreducible components of L. We prove (Corollary 12.271 
Theorem lliini and Theorem IT^ : 
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1) The irreducible components of C are roughly (see Theorem \2. 'J'A for detail) labeled by quadru- 
ples {S,T,d,e), where {S,T,d) are generalized BD-triples and e € {0,1}; 

2) The irreducible component corresponding to {S, T, d, e) is a fiber bundle over the flag mani- 
fold G/Ps X G/P^ with fiber isomorphic to the product of a De Concini-Procesi compactification 
of Gs and a homogeneous space of a special orthogonal group. In particular, all the irreducible 
components of C are smooth; 

3) C has two connected components. 

In Section 01 we give the classification of GA-orbits in C, and we compute the normalizer 
subgalgebra of at every [ G £. In Section 01 we compute the rank of the Poisson structure 
Hq. In particular, we prove (Theorem 14.51 and Theorem I4.14|) : 

Every non-empty intersection of a G/^-orbit O and a (B x B^)-orbit O' in C is a regular 
Poisson variety with respect to Hq; The Cartan subgroup = {{h,h) : h € H} of Ga., where 
H = B n B~ , acts transitively on the set of symplectic leaves in O DO' . 

An interesting Poisson subvariety of (£, Hq) is the De Concini-Procesi compactification Zi{G) 
of G as the closure of the {G x G)-orbit through ^ ^- Conjugacy classes in G and their 
closures in Zi{G) are all Poisson subvarieties of (Zi(G),no). In particular, IIq restricted to a 
conjugacy class C in G is non-degenerate precisely on the intersection of C with the open Bruhat 
cell B~B (see Corollarv l4.7|) . It will be particularly interesting to compare the Poisson structure 
Ho on the unipotent variety in G with the Kirillov-Kostant structure on the nilpotent cone in 
g*. Another interesting Poisson subvariety of {C,IIq) is the De Concini-Procesi compactification 
Xfj of a complex symmetric space G/G"^ for an involutive automorphism cr of G (Proposition 
I3.21j) . Intersections of GA-orbits and {B x i3~)-orbits inside the closed (G x G)-orbits in £ are 
related to double Bruhat cells in G (see Example 14.9(1 , and Kogan and Zelevinsky |K-Zj have 
constructed toric charts on some of the symplectic leaves in these closed orbits. It would be 
interesting to see how their methods can be applied to other symplectic leaves of Hq. 

Acknowledgment: We would like to thank Milen Yakimov and Eugene Karolinsky for 
pointing out errors in a preliminary version of the paper. Discussions with Milen Yakimov 
enabled us to improve earlier results and solve problems in more complete forms. We would also 
like to thank Michel Brion, William Graham, and George McNinch for useful comments and 
the referee for suggesting many corrections and improvements. The second author is grateful to 
the Hong Kong University of Science and Technology for its hospitality. The first author was 
partially supported by (USA)NSF grant DMS-9970102 and the second author by (USA)NSF 
grant DMS-0105195, HKRGC grants 701603 and 703304, and the New Staff Seeding Fund at 
HKU. 

2. The variety C of Lagrangian subalgebras of g © g 

Throughout this paper, g will be a complex semi-simple Lie algebra, and <C , ^ will be a 
fixed symmetric and non-degenerate ad-invariant bilinear form on g. Equip the direct product 
Lie algebra g © g with the symmetric non-degenerate ad-invariant bilinear form 

(2.1) ((a;i,a;2), (yi,y2)) =< > - < a;2,y2 », xi,x2,yi,y2 ^ q- 

A Lagrangian subalgebra of g © g is by definition an n-dimensional complex Lie subalgebra of 
g © g that is isotropic with respect to ( , ). 
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Notation 2.1. We will denote by C, the variety of all Lagrangian subalgebras of 5 © g and by 
'Cspace(0 © 5) the variety of all n-dimensional isotropic subspaces of g © 3. 

Let G be the adjoint group of g. In this section, we will use the classification of Lagrangian 
subalgebras of g © g by Karolinsky |Kaj to study the {G x G)-orbits and their closures in C, and 
we will determine the irreducible components of C. 

2.1. Lagrangian subspaces. Let U he a finite-dimensional complex vector space with a sym- 
metric and non-degenerate bilinear form ( , ). A subspace V of U is said to be Lagrangian if V 
is maximal isotropic with respect to ( , ). If dim U = 2n or 2n + 1, Witt's theorem says that the 
dimension of a Lagrangian subspace of U is n. Denote by Cspa.ce{U) the set of Lagrangian sub- 
spaces of U. It is a closed algebraic subvariety of Gr(n, U), the Grassmannian of n-dimensional 
subspaces of U. 

Proposition 2.2 ( |A-(]-(;t-Hj . pp. 102-103). Let dimU = 2n (resp. 2n + 1) with n > 0. 
Then CgpacdU) is a smooth algebraic subvariety of Gi{n,U) with two (resp. one) connected 
components, each of which is isomorphic to S0{2n,C)/P (resp. S0{2n + l,C)/P)) where P has 
Levi factor isomorphic to GL{n,C). Moreover, CspaceiU) has complex dimension (resp. 

"^"2^"^^ J. When dimC/ = 2n, two Lagrangian subspaces Vi and V2 are in the same connected 
component of CgpaceiU) if and only i/dim(Vi) — dim(Vi n V2) is even. 

Notation 2.3. For ?7 = g ©g with the bilinear form ( , ) in 1)2. 1() . let be the intersection of C 
with the connected component of £space(g©g) containing the diagonal of gffig. The intersection 
of C with the other connected component of jCspace(g © g) will be denoted by C^. 

Let f) be a Cartan subalgebra of g, and let n and n~ be the opposite nilpotent subalgebras of 
g corresponding to a choice of positive roots for (g, f}). For a Lagrangian subspace ^ of f) © f) 
with respect to ( , ), let ly = V + {{x,y) : x G n, ?/ G Then ly € C It is easy to see from 
Proposition 12.21 that ly^ and ly^ are in the same connected component of /^space(g © g) if and 
only if Vi and V2 are in the same connected component of £space(f) © f))- In particular, is 
non-empty. 

2.2. Isometries. We collect some results on automorphisms that will be used in later sections. 

Notation 2.4. Throughout this paper, we fix a Cartan subalgebra f} and a choice S+ of positive 
roots in the set S of all roots of g relative to f), and let g = f)+X]oGS 0a ^le the root decomposition. 
Let r be the set of simple roots in E+. For a G S, let Ha G f) be such that <C Ha, H a{H) 
for all -ff € f). For a € E"*", fix root vectors Ea G Qa and G Q_a such that <C Ea, E^a ^= 1- 
For a subset S of F, let [S] be the set of roots in the linear span of S, and let Gs be the adjoint 
group of the semisimple Lie algebra g^ given by 



For S,T C F, we are interested in Lie algebra isomorphisms 9s ^ 9t that preserve the 
restrictions of ^ , » to g^ and Qj,. We will simply refer to this property as preserving <^ , 

Definition 2.5. Let S,T CT. By an isometry from to T we mean a bijection d : S" — > T 
such that <C da, d[3 »=< a, /3 » for all a, /3 G 5, where < a, /3 »=< Ha, Hp ». Let I{S, T) 
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be the set of all isometries from S to T. Following |Sclij . a triple {S,T,d), where S,T CT and 
d € I{S,T), will also be called a generalized Belavin-Drinfeld (generalized BD-)triple for G. 

Lemma 2.6. For any S,T cT and d € I{S,T), there is a unique isomorphism Jd ■ Qs ^ Qt 
such that 

(2.2) 7d(S„) = ^rf(„), jd{Ha) = H^ia), yaeS. 

Moreover, preserves <C , and for every Lie algebra isomorphism fx : Qg ^ Qrp preserving 
■C , there is a unique d £ I{S,T) and a unique g € Gs such that jj, = ^d-^dg. 

Proof. Existence and uniqueness of 7^ is by Theorem 2.108 in |Knj . For a € S"*", let Xa^fJ-a £ 
C be such that ^d{Ea) = XaEda and ^d{E-a) = fJ'oE-da- By applying 7^ to the identity 
[Ea,E-a] = Ha we get XafJ'o = 1 for every a £ It follows that 7^ preserves ^ , Suppose 
that fi : ^ Qrp IS a Lie algebra isomorphism preserving ^ , S>. Let di be any isomorphism 
from the Dynkin diagram of 95 to the Dynkin diagram of gj.. Let 7^^ : ^ be defined as 
in ()2.2() . Then 1/ := 7^^/i is an automorphism of g^. Recall that there is a short exact sequence 

1 — >Gs — > Autg^ ^ Autcj 1, 

where Autg^ is the group of automorphisms of g5, and Auts is the group of automorphisms of 
the Dynkin diagram of g^. Let d2 S Auts be the image of u under the map Autg^ — > Auts 
and write i' = 7^3 Adg for some g E Gs- Thus fi = 7d^7rf2Adg = jdid2-^^g- Since fi and Adg are 
isometries of <C so is Jdid2- Thus d := did2 G I{S,T) is an isometry, and fi = 7dAdg. 

Uniqueness of d and g follows from the fact that if go £ Gs preserves a Cartan subalgebra 
and acts as the identity on all simple root spaces, then go is the identity element. 

Q.E.D. 

Definition 2.7. A <^ , ^-preserving Lie algebra isomorphism /x : g^ — > g^ is said to be of type 
d for d € I{S, T) if d is the unique element in 1(5, T) such that /i = 7dAdg for some g G Gs- 

2.3. Karolinsky's classification. Karolinsky |Kaj has classified the Lagrangian subalgebras 
of g © g with respect to the bilinear form ( , ) given in (|2.H) . We recall his results now. 

Notation 2.8. For a parabolic subalgebra p of g, let n be its nilradical and m := p/n its Levi 
factor. Let m = [m,m] + 3 be the decomposition of m into the direct sum of its derived algebra 
[m, m] and its center 3. Recall that [m,m] is semisimple and that the restrictions of the bilinear 
form <C , to m and 3 are both non-degenerate. If p' is another parabolic subalgebra, denote 
its nilradical, Levi factor, and center of Levi factor, etc. by n', m', and 3', etc.. When speaking 
of Lagrangian subspaces of 3 © 3', we mean with respect to the restriction of ( , ) to 3 ffi 3'. 

Definition 2.9. A quadruple (p, p', /x, V) is called admissible if p and p' are parabolic subalgebras 
of g, /i : [m, m] [m', m'] is a Lie algebra isomorphism preserving ^ , and F is a Lagrangian 
subspace of 3 © 3'. 

If (p,p',/i,F) is admissible, set 

l(p,p',^,F) := {{x,x') : X G p,3;' G p', ;u(x[^^^]) = xj^.^n,/] , (a^j, x^/) G F} C g © g, 

where for x G p, x\^^^^t^ G [m,m] and G 3 are respectively the [m,m]- and 3-components of 
x-|-nGp/n = [m, m] -I-3. We use similar notation for x' G p'. 
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Theorem 2.10 ( |Kaj ) . l{p,p' , fj,,V) is a Lagrangian subalgebra if {p,p' , fx, V) is admissible, and 
every Lagrangian subalgebra of g is of the form [(p,p',/.i, V) for some admissible quadruple. 

2.4. Partition of £. 

Notation 2.11. Recall the fixed choice S"*" of positive roots from Notation 12.41 Set 

"~ = 0-°- 

A parabolic subalgebra p of g is said to be standard if it contains the Borel subalgebra b := f) + n. 
Recall also that, for S CT, [S] denotes the set of roots in the linear span of S. Let 

aes+-[s] 

and Ps = + Ti5) Ps ~ ■ ^^^^ refer to pg as the standard parabolic subalgebra of g 

defined by S and pg the opposite of p^. A parabolic subalgebra of p of g is said to be of type S 
if p is conjugate to p^ and of the opposite-type if p is conjugate to p^. Let = [ms',m5'] as 
in Notation 12.41 and 

hs = hf^Qs = spandHa : a e [S]}, 35. = {x e f} : a(x) = 0, Va G 5"}. 

Then pg = 35 + 95 + 1x5 and p^ =35 + 35 + 115. The connected subgroups of G with Lie algebras 
P5, P5 , m5, xxs and Wg will be respectively denoted by Ps, Pg , Ms, Ns and Ng . Correspondingly 
we have Ps = MsNs and Pg = MsN^, where Ms n Ns = {e} = Ms n . Recall that Gs 
denotes the adjoint group of Qs- Let Xs ■ Ps ^ Gs be the composition of the projection from 
Ps = MsNs to Ms along Ns and the projection M5 Gs- The similarly defined projection 
from Pg to Gs will also be denoted by xs- 

Returning to the notation in Notation 12.81 we have 

Lemma-Definition 2.12. Let (p,p',;u) be a triple, where p and p' are parabolic subalgebras of 
g, and ^ : [m,m] — [m',m'] is a Lie algebra isomorphism preserving <^ , Assume that p is of 
type S and p' is of opposite-type T. Let gi,g2 & G be such that Ad^^p = P5 and Adg^p' = py. 
Let Adgj and Adg^ be the induced Lie algebra isomorphisms 

Adg^ : [m,m] — > 05, Adg^ : [m',m'] — > Qt- 

If ji' := Adg2 o /i o (AdgJ~^ '■ Qs ^ Qt ^-s of type d G I{S, T) as in Definition \2. T[ we say that 
{p,p',fi) is of type {S,T,d). The type of{p,p',^) is independent of the choice of gi and g2. 

Proof. If hi and h2 in G are such that Ad/j^p = P5 and Ad/^jp' = pj^, then there exist ps G Ps 
and pj^ G Pj^ such that hi = psgi and /i2 = p^g2- Thus 

^i" := Adh2 ° /" ° (Ad/iJ^^ = Adp- o /i' o (Adpg)"^ 

The action of Adpg on 05 is by definition the adjoint action of XsiPs) ^ Gs on 95. Similarly for 
the action of Ad^- on Qj^. Thus by Definition 12.71 the two maps fi' and fi" have the same type. 

Q.E.D. 

We are now ready to partition C Recall the definitions of and £^ in Notation 12.31 
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Definition 2.13. Let S,T cT,de I{S,T), and e G {0, 1}. Define C'{S,T,d) to be the set of 
all Lagrangian subalgebras l{p,p' , fi,V) such that 

1) l{p,p',^^,V)e£'■, 

2) (p,p',/x) is of type {S,T,d). 

We say that I E £ is of type (e, S, T, d) if I G C%S, T, d). 

It is clear that 

(2.3) ^= U U ^'iS,T,d) 

ee{o,i} S',Tcr,de/(5,T) 

is a disjoint union, and each jC''{S,T,d) is invariant under G x G. Set 

n5 e tiy = {{x, y) -.x ens,y en^} CQ®Q, 
and for each V G £space(35 © 3t)i set 

(2.4) ls,T,d,v = V + {ns(S) n^) + {(x, 7^(2;)) : x G 05} G £. 

Note that dim 35 = dimjj. because f}^ = and f)=35 + f)5 = 3T + ^T ^-^^ direct sums. 

Lemma-Definition 2.14. For Vi,V2 G /^spacc(35 ©3t); ^5,T,(i,Vi a'l-c^ ^s,T,d,V2 o.re in the same 
connected component o/>Cspace(0©5) if and only ifVi and V2 are in the same connected component 
0/ Apace (3s ©3t)- -Fore = {0,1}, let 

^space(35 ® 3t) = {V C^p^ceil S ® It) ■ ^S,T4,V ^ -C'}. 
Proof. The statement follows from Proposition 12.21 and the fact 

dim([s,T,d,Vi) - dim([s^T^rf_Vi n (^.T.d.Va) = dim(¥L) - dim(yi n V2). 

Q.E.D. 

Proposition 2.15. For any generalized BD-triple {S,T,d) and e G {0, 1}, 

(2.5) C'{S,T,d)= [j {GxG)-ls,T,dy (disjoint union). 

Proof. By Definition l2.131 every (G x G)-orbit in C^{S,T, d) passes through an ls,T,d,v for some 
y G 'C^pace(35 ©3t)- ^ ^1,^ ^ ^pi^ceids ® St) are such that ls,T,dyi = ^d^gug2MT,d,v ^ then 
{91-, 92) normalizes n^, so (91,92) G P5 x , and it follows that Vi = V. 

Q.E.D. 

2.5. (G X G)-orbits in C. The following theorem follows immediately from Proposition 12.151 
and the decomposition of C in 1)2. 3(1 . 

Theorem 2.16. Every (G x G)-orbit in C passes through an ls,T,dy for a unique quadruple 
(S,T,d,V), where S,T cT,deI(S,T) anrf F G Apace (35 ® 3t)- 

For each S,T CT and d G I(S,T), define the group (see Notation I2.11|) 

(2.6) Rs,T,d ■■= {(ps,Pt) ePsxP- : jd(xs(ps)) = Xt(Pt)} C Ps x P^ . 
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Proposition 2.17. Let S,T cr,de I{S,T), and V e /^space(35 © 3r)- 

1) The {GxG)-orbit in C through ls,T,d,v ^-^ isomorphic to (GxG)/Rs^T,d o-'^'d it has dimension 
n — z, where n = dimg and z = dim^^. 

2) {G X G) ■ l.s,T,d,v fibers over G/Ps x G/P^ with fiber isomorphic to Gs- 

Proof. It is routine to check that the stabihzer of is,T,d,v is Rs,T,dy and the dimensional formula 
follows. The fiber in 2) may be identified with (P5 x Pj^) / Rs,T.d^ which may be identified with 
Gs via the map 

{Ps X P^)/Rs,T,d — > Gs : {ps,Pt) ^ ld^{XT{PT)){xsips))~^ 

Q.E.D. 

Remark 2.18. It follows that the number of orbit types for G x G in £ is exactly the number 
of generalized BD-triples for G. 

Lemma 2.19. Rs,T,d is connected. 

Proof. The projection map p : Rs,T,d -Psi (pStPt) '"^ Ps is surjective and has fiber x Zt, 
where Zt is the center of the group My. Clearly A'^ is connected, and Zt is connected by 
Proposition 8.1.4 of [HI- Since Ps is connected, it follows that Rs,T,d is also connected. 

Q.E.D. 

2.6. {B X i?^)-orbits in C Let B and B~ be the Borel subgroups of G with Lie algebras 
b = [) + n and = f) + respectively. By Proposition 12.171 to classify {B x i?~)-orbits in C, 
it suffices to consider {B x i?^)-orbits in (G x G)/Rs^T,d ^or any generalized BD-triple {S,T,d). 

Let W be the Weyl group of S. For S C T, let Ws be the subgroup of W generated by 
elements in S, and let be the set of minimal length representatives of elements in the cosets 
in W/Ws- Fix a representative w in G for each w G W. The following assertion can be proved 
in the same way as Lemma 1.3 in Sp . It also follows directly from Proposition 8.1 of jLu-Ylj . 

Proposition 2.20. Let {S,T,d) be an generalized BD-triple for G. Then every [B x B^)-orbit 
in (G X G)/Rs^T,d is of the form {B x B^){w,v)Rs^T,d for a unique pair {w,v) £Wx W'^ . 

Corollary 2.21. Every (B x B^)-orbit in C goes through exactly one point in C of the form 
^'^(w,v)^S,T,d,v , where {S,T,d) is a generalized BD-triple, V E Cspace{ls © 3t); '^'^^ {w,v) G 
W xW^. 

Since each (G x G)-orbit in C has finitely many {B x S~)-orbits, at least one of them is open. 
Corollary 2.22. All (G x G)-orbits in C are (G x G)-spherical homogeneous spaces. 

2.7. The De Concini-Procesi compactifications Zd{G) of G. In this section, we will con- 
sider the closure in C of some special (G x G)-orbits. Namely, when S = T = T and d € /(F, F), 
we have the graph [^^ of 7^ : g — > 5 as a point in C: 

(2.7) l^, = {(x,7rf(x)) : X eg}. 

The (G X G)-orbit in C through [^^ can be identified with G by the map 

(2.8) Ld-. G^{GxG)-\^,: g^ {(x, ^dP^dg{x)) : x G g}. 
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The identification is {G x G)-equivariant if we equip G with the action of G x G given by 

(2.9) i9ug2)-9 = id\92)ggi^. 

Since an orbit of an algebraic group on a variety is locally closed (Section 8.3 in 'Hul] ) , the 
orbit (G X G) • l^^ has the same closure in the Zariski topology and in the classical topology. The 
closure (G x G) • [^^ , called a De Concini-Procesi compactification of G, is a smooth projective 
variety of dimension n = dimG (see |D-P| §6]). We denote this closure by Zd{G). 

It is known |D-Pj that G x G has finitely many orbits in Zd{G) indexed by subsets of T. 
Indeed, for each 5 C F, let is^d € £ be given by 

(2.10) [s4 = "(^s^n'^^s) + {i^^ld{x)) : x £ ms}. 

Choose A G f) such that a(A) = for a € 5" and a(A) > for a S T — 5, and let : C* ^ H 
be the one parameter subgroup of H corresponding to A. Then it is easy to see that 

lim Ad,^xu),e)^id = ^s,d G Gr(n,0©0). 

Thus Is^d £ Zd{G). It is easy to see that [^^ E £'^(r,r,d) for e = (dimf) — dim [)'>''*) mod 2. 
Thus [$4 £ ^'^{S-,d{S)^d\s) for the same value of e. 

Theorem 2.23. jEEj For every d G /(r,r), Zrf(G) = U5cr(G' x G) ■ [34. 

2.8. Closures of (G x G)-orbits in C. Let {S,T^d,V) be a quadruple where {S,T,d) is a 
generalized BD-triple and V € -Cgpace (35 ® 3t)- For ls,T,dy given in (|2.4j) . we will now study the 
closure of the (G x G)-orbit through ls,T,d,v in Gr(n,g © g). To this end, let Gr(m,35 © Qx) 
be the Grassmannian of m-dimensional subspaces in Qg © g^, where m = dimg^. For the Lie 
algebra isomorphism Jd '■ Qs ^ Qt given in (|2.2|) . let 

= {(a^' 7d(2;)) ■■ xeQs} e Gr(m, 05. © g^). 

Notation 2.24. Let Zd{Gs) be the closure of (Gg x Gt) • in Gr(m,g5. © g^). Under the 
identification 

(2.11) Gs — > {Gs X Gt) • : 5 ' — > {{x,-fdAdgx) : x G g^}, 

Zd{Gs) can be regarded as a (P5 x P,j7)-equivariant compactification of Gs, where Ps x Pj^ act 
on G5 by 

(2.12) {ps,Pt) ■ gs = id^{xT{PT))gs{xs{ps))~^, (ps,p?) e -Ps x , 55 g G5 

(see Notation I2.11() . and on Gr(m, g^ © gj.) via the group homomorphism Xs ^ XT ■ Ps ^ Pt ~^ 
Gs X Gt- 

Proposition 2.25. For every generalized BD-triple {S,T,d) and every V G Cgpaccids ®3t)) 

1) the closure (G x G) • ls,T.d.v Gr(n, g © g) is a smooth subvariety of Gr(n,g © g) of 
dimension n — z, where n = dimg and z = dim^g, and the map 

a: (Gx G) x ^p^^p-^ Zd{Gs) {G x G) ■ ls,T,d,v ■ [{gi,g2),i] ^ Ad^g^^g^){V + {ns(Bn^) + l) 
is a (G X G)-equivariant isomorphism; 
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2) (G X G) ■ ls,T,d,v is the finite disjoint union 

{G xG) ■ ls,T,dy = IJ (G X G) • isi4(Si),di,Vi^ 
Sics 

where for Si C S, we set di = d\si, and Vi = V + {{x,-fd{x)) : x G f)^ flj^J C 35.^ ®3ti- 

Proof. Since G/Ps x G/Prf is complete, the image of a is closed. Since a[(e,e), l-y^] = ls,T,d,v 
and a is (G X G)-equivariant, a has dense image. Hence a is onto. 2) follows easily from 
the fact that a is onto and the description of orbits in Zd{Gs) in Theorem 12.231 Further, 
by this description of orbits, for [ G Zd{Gs), the nilradical of ^ + (n^ n^) + [ contains 
ns 0n^. It follows that if a.[{gi, g2),i] € a[(e, e), ^^(Gs)], then (51,92) is in the normalizer of 
the nilradical of y + (ng © n^) + I. This normalizer, and hence also (§1,02), is contained in 
Ps X P^ . Now suppose a[((7i, 92)1 [] = ^[(a^i, 2:2), ti] for xi,X2 G G and [1 G Z(i{Gs)- Then 
a[{xi^gi,X2^g2)A] = ^[(e,e),[i], so by the above ixi^gi,X2^g2) ^ Ps ^ Pt ■ It follows easily 
that a is injective. 

To show that the differential a* of a is injective everywhere, it suffices to show a* is injective 
at all points [(e,e), I] by (G x G)-equivariance. For X G g © 0, let be the vector field on 
(G X G) Xf^p^^p--^ Zd{Gs) tangent to the (G x G)-action. Recall that the tangent space at a 
plane U to the Grassmannian Gr(n,y) may be identified with Hom(?7, y/C/). Since Zd{Gs) C 
Gr(dim(g5), 05 + Qrp), it follows that the tangent space to (G x G) x^p^^p--^ Zd{Gs) at [(e, e), [] 

is spanned by the set of S,x for X G © n-r and the set of (j) hi Hom([, (05 © 0t)/O tangent 
to Zd{Gs)- We identify the tangent space to Gr(n,0 © 0) at a[(e, e), (] with Hom(y + © 
xVt + I, (0 © q)/{V + ns + [))• Then a*(^x) = where for y G F + ns © + I, 

rjxiy) = adx(y) mod + ns © n^ + I). Moreover, a*(0) = cj), where 4){x) = (f){x) for 
x G [, and <^(y) = if y G F + ns © n^. We further identify (0 © q)/{V + ns © n;^ + Q with 
(3sffi3T)/^ + % ®^T + (0s©0t)/'- Now suppose that a*(^x + 0) = 0. Since adx(0 C n^ ffinr 
and 4>{[) C (0s © 0t)/'; it follows that = 0. Hence, = 0, and = since a* is injective on 
n^ ©n^. By Corollary 14.10 of |Harrj . a is an isomorphism. 

Q.E.D. 

Consider now the case when S and T are the empty set 0, so d = 1. By Theorem 12.161 every 
(G X G)-orbit in C^{$, 0, 1) U£^(0, 0, 1) goes through a unique Lagrangian subalgebra of the form 

(2.13) [y = y + (nffin-), 

where V G /^space(ll © The following fact follows immediately from Proposition 12.251 

Corollary 2.26. For every V G i2spacc([) © the (G x G) -orbit through ly is isomorphic to 
G/B X G/B^ . These are the only closed (G x G)-orbits in C 

Corollary 2.27. C has two connected components. 

Proof. In Section [2.11 we observed that C has at least two connected components, namely 
and C^. Since every orbit of an algebraic group on a variety has a closed orbit in its boundary 
(see Section 8.3 in |Huj ) . every point in C is in the same connected component as ly for some 
V G >Cspacc([) © f))- Thus C has at most two connected components. 
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Q.E.D. 

2.9. The geometry of the strata C^{S,T, d). Fix a generalized BD-triple {S,T,d) and an 
e G {0,1}. Let Ps x act on Gs by (|2.12|) and trivially on ^CspacelSs" ® 3t)- Consider the 
associated bundle {G x G) X(p^xP~) ^ -^spaceC^S ©St)) over G/Ps x G/P^ and the map 

(2.14) a : (G x G) x^^^^^-^ {Gs x /:^pace(3s ® 3t)) ^ C\S,T,d) 

(2.15) [(5i,52),(5,^)] ^ Ad(g,,g,)[3y, 

where l^y = V +{ns® n^) + {(x, 7dAdg(x)) : x £ 05} for g € G5. 

Proposition 2.28. For every S,T C T,d £ I{S,T), and e G {0,1}, C^lS^T^d) is a smooth 
connected subvariety of Gr(n, g © s) of dimension n + where n = dimg and z = dimj^, 

and the map a in \2.14\) is a (G x G)-equivariant isomorphism. 

Proof. Consider the (G x G)-equivariant projection 

(2.16) J: C{S,T,d) ^G/Ps xG/P^ : [(p, p', /i, F) ^ (p, p'). 

Let J^''{S,T,d) be the fibre of J over the point (p^jp^^) G G/Ps x G/PjT. By Lemma 4, p. 26 
of [3], the map 

(G X G) X(p^^p-).F^(5,r,d) ^r(5,r,(i) : [(<^i,52),[] ^ Ad(,,,,,)[ 

is a (G X G)-equivariant isomorphism. By Lemma 12.61 

T%S,T,d) = {Igy : geGs,Ve Cl^^^Ms ^dr)}- 

The identification Gs x /2space(3s ® 3t) ^ ^'^{S,T,d) : {g,V) 1-^ [^y is {Ps x P^)-equivariant. 
It follows that a is a (G X G)-equi variant isomorphism. The dimension claim follows from 
Propositions 12.21 and 12.171 Smoothness and connectedness oi C^{S,T,d) follow easily. 

Q.E.D. 

2.10. The geometry of the closure of C^{S,T, d). For a generalized BD-triple {S,T,d) and 
an e G {0, 1}, recall that Z^iGs) is an {Ps x P^)-equi variant compactification of Gs- Let again 
Ps X P^ act trivially on vCgpaceC^s ®It)- We omit the proof of the following Theorem since it 
is similar to the proof of Theorem 12.251 

Theorem 2.29. For every generalized BD-triple {S,T,d) and e G {0, 1}, the closure C'^{S,T,d) 
is a smooth algebraic variety of dimension n + where n = dim(g), z = dim 35, and 

(2.17) a : (G x G) x^^^^^-^ (Z,(Gs) x Cl^^,{is © It)) ^ C%S,T,d) 

(2.18) [(5i,52),(t,l^)] ^Ad(g,,,,)(y + (n5©n^) + l) 
is a {G X G)-equivariant isomorphism. 

Corollary 2.30. For every generalized BD-triple {S,T,d) and e G {0,1}, 

(2.19) C%S,T,d) = U U (G X G) . ls,4is,)AV,iv,s,) 

Ve^paceiSS(BiT) SlCS 
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is a disjoint union, where for Si C S and V £ ^Ipaceiis ® 3r); 

Vi{V,Si) = v + {{x,jd{x)) : X e hs^^isA^is^ ®M5i)- 

Remark 2.31. 1). Since Z^iGs) is also the closure in the classical topology of {Gs x Gt) ■ 
inside Gr(m, © g^), C^[S^ T, d) also has the same closure in the two topologies of Gr(n, © fl). 

2). Since Zfi{Gs) — Gs has dimension strictly lower than m = dimG^, it follows from the 
proof of Theorem l2.29l that {S, T, d) — C''{S, T, d) is of strictly lower dimension than {S, T, d) . 

2.11. Irreducible components of C. Since each C'^(S,T,d) is smooth and connected, it is a 
closed irreducible subvariety of £. Since 

C= [J U C^iS,T,d) 

ee{o,i} s,Tcr,d£i{s,T) 

is a finite union, the irreducible components of C are those C^{S,T,d) that are not properly 
contained in some other such set. 

Theorem 2.32. C'{S, T, d) is an irreducible component of C unless \T — S\ = 1, T = di{S) for 
some di € I{T, T), d = di \s, and e = (dim f) — dim f)'^'*i ) mod 2. 

Proof. When {S,T,d,e) are as described in the proposition, dim^^ = 1, so C^{S,T,d) consists 
of a single {G x G)-orbit which lies in Z^^ (G) by Theorem \2.TM We need to show that this is 
the only nontrivial case when the closure C''{S,T,d) is contained in another C''{Si,Ti,di). 

Assume that C^iS, T, d) is in the boundary of £'^(S'i, Ti, di). Then by Corollary I2.3U1 S C Si 
and T cTi. By Remark 12.311 dim C'^{S,T,d) < dimC'^{Si,Ti,di), and thus 

\ dim(3s)(dim(3s) - 3) < ^ dim(3sj(dim(35j - 3) 

by the dimension formula in Proposition 12.281 Since S C 5i, so dim(35) > dim(35j, these two 
inequalities imply that dim(35^) = and dim(35) = 1 or 2. In particular. Si = Ti = T, so 

e = (dim t) - dim ) mod 2, and C'{Si,Ti,di) = Z^, (G). 

If dim(3_5) = 2, C^{S,T,d) contains infinitely many (G x G)-orbits by Theorem 12.161 and 
Proposition 12.21 Since Zd^{G) has only finitely many (G x G)-orbits, C^{S,T,d) can not be 
contained in Zd^{G). Assume that dim(35.) = 1. Then by Proposition 12.281 C^{S,T,d) is a 
single (G x G)-orbit. By the description of the (G x G)-orbits in Zfi^{G) in Theorem 12.231 T 
and d must be as described in the proposition. 

Q.E.D. 

Example 2.33. For g = s/(2,C), C has two irreducible components. One is the De Concini- 
Procesi compactification Z\^{G) of G = PSL{2, C) which is isomorphic to CP^ (see |D-Pj ). and 
the other is the closed (G x G)-orbit through f)^ + (n © n~), and is isomorphic to CP^ x CP^. 

For = s/(3,C), there are four irreducible components Zid(G), (G), Gi and G2, where 
Zid(G) and Z(i^{G) are the two De Concini-Procesi compactifications of G = PSL{3,C) corre- 
sponding to the identity and the non-trivial automorphism of the Dynkin diagram of s/(3, C), and 
Gi and G2 are the two components CQ{%,^,d) and >Ci(0,0,d). Both Gi and G2 have dimension 
7. Moreover, Z\^{G) n Gi is a 6-dimensional closed (G x G)-orbit, and so is Zci^{G) PI G2. 
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3. Classification of Ga-orbits in L 

By Theorem I2.16| to describe the GA-orbits in i2, it suffices to describe (Ga, -R5,T,d)-double 
cosets in G X G for all generalized BD-triples {S,T,d) for F, where Rs,T,d is given by (|2.6j) . A 
general double coset theorem in |Lu-Ylj classifies {Rs' ,d' , Rs,T,d)-double cosets in G x G for 
two arbitrary generalized BD-triples {S',T',d') and {S,T,d). However, the proof in |Lu-Ylj is 
rather technically involved. In this section, we present a simplified proof for the special case 
when Rs',T',d' = Ga- Our method and the one used in |Lu-Ylj are both adapted from j^. The 
GA-orbits in the wonderful compactifications were also studied by Lusztig in |Luszlj and |Lusz2j 
using a somewhat different method. 

3.1. Some results on Weyl groups and generalized BD-triples. The results in this sec- 
tion, while different in presentation, are closely related to some combinatorial results in |Bej . 
which were used and extended in |Luszlj and |Lusz2j . In particular, the limit of a sequence 
studied in |Bej is closely related to the set S{v,d) in Proposition 13.51 

Notation 3.1. Let W be the Weyl group of F. For F C F, let Wp be the subgroup of W 
generated by elements in F. If E,F C F, let ^\V^ be the set of minimal length representatives 
for double cosets from We\W/Wf, and set = . If Ei,E2 C F, the set of minimal length 
representatives in Wp for the double cosets from Wei\Wf /We2 will be denoted by ^''-{Wp)^^. 
If n € ^^Wp)^'' and v € ^'^{Wp/)^^ , we can regard both u E Wp and v G Wp' as elements in 
W, and by uv we will mean their product in W. 

Definition 3.2. Let (S, T, d) be a generalized BD-triple in F. For v € VF^, regarding vd as a 
map S* ^ A, we define S{v, d) <Z S to be the largest subset in S that is invariant under vd. In 
other words, 

(3.1) S{v,d) = {a G 5 : {vd)'^a G 5,Vinteger n > 1}. 

Parts 1) and 2) in the following Lemma 13.31 follow directly from Proposition 2.7.5 of [d or 
Lemma 4.3 of Y , and Part 3) is a special case of Lemma 5.3 in |Lu-Ylj . 

Lemma 3.3. 1) If w £ ^W'^ and u G {WsY^'"^^\ then uw G ; 

2) Every v G has a unique decomposition v = uw, where w G ^W^ and u G (Ws)^''^^^'^^ ■ 
Moreover, l{v) = l{u) + l{w); 

3) For w G ^W'^ , set T^, = S Ci w{T) and = d~^{T n w~^{S)) and regard {Suj,T.w,wd) as 
a generalized BD-triple in S. Then for any u G (VF^)"^'", one has Syj{u,wd) = S{uw,d), where 
Sw{u,wd) is the largest subset of that is invariant under uwd. 

Notation 3.4. Fix a generalized BD-triple {S,T,d). Let Qs,T,d denote the set of all sequences 
q = {qi}i>o of quadruples 

qi = {Si,Ti,di,Wi), ■« > 0, 

where, for each i > 0, 

1) {Si,Ti,di) is a generalized BD-triple and {So,TQ,do) = {S,T,d); 

2) Wi G HWs.-^V^ (we set = F); 

3) the triple (S'j+i, Tj+i, dj+i) is obtained from qj as follows: 

Ti+i = SiD Wi{Ti), di+i = Widi, 5j+i = d:r^^{Ti+i). 
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Note that Sj+i, Tj+i C Si for ah i. For q = {qi}j>o S Qs,T,d, let Zq be the smallest integer such 
that S'io+i = Sig. Then it is easy to see that 

for all i > zq + 1, where 1 is the identity element of W. Set 

Vooici) = WigWio-i ■ ■ ■ wq and 5oo(q) = Si^. 

Proposition 13.51 is a direct consequence of Lemma 13.31 See also Proposition 2.5 of |Luszlj . 

Proposition 3.5. Let {S,T,d) be a generalized BD-triple for T. Then for any q G Qs,T,d; 
V ■= Voo(q) € W'^ , and 5oo(q) = S{v,vd). Moreover, the map Qs,T,d : q i— > foo(q) is 

bijective. 

3.2. A double coset theorem. For this section, G will be a connected complex reductive 
Lie group with Lie algebra q, not necessarily of adjoint type. We use the same notation as in 
Notation 12. Ill and Notation l3.1l for various subalgebras of Q and subgroups of G. We will define 
a class of subgroups R oi G x G that are slightly more general than the groups Rs,T,d, and we 
will prove a theorem on ( G a, -R) -double cosets in G x G for such an R. 

Definition 3.6. Let (S, T, d) be a generalized BD-triple in F. Let Cs (resp. Ct) be a subgroup 
of the center Zs (resp. Zt) of Ms (resp. Mt), and let 6^ : Ms/Cs Mt/Ct be a group 
isomorphism that maps the one-dimensional unipotent subgroup of Ms/Cs defined by a to the 
corresponding subgroup of Mt/Ct defined by da for each a £ [S]. By a (5", T, (i)-admissible 
subgroup of G X G we mean a subgroup R = R{Cs, Ct, 9d) of Ps x of the form 

(3.2) R{Cs, Ct, 9^) = {{m, m') e Ms x Mt : OdimCs) = m'CT}{Ns x N^). 

Clearly R{Zs, ZT,^d) = Rs,T,d- Let R be any (S*, T, (i)-admissible subgroup of G x G. Recall 
that the subset S{v, d) of S for v G W'^ is defined in (|3.1|) . If {; is a representative of v in G, set 

Ri, = {Ms^^,d) X Ms^^,d)) n ((id X Ad^)i?) , 

where Ady : G C : g ^ vgv^^. Let R^ act on Ms(v4) (from the right) by 

(3.3) m ■ {mi,m'i) = {m'i)~^mmi, m G Ms(v^d), ("^l,'mx) G Ry. 

For ((71,52) £ C X G, let [51,52] be the double coset G^{gi,g2)R in G x G. 

Theorem 3.7. Let (S, T, d) be a generalized BD-triple, and let R = R{Cs, Ct, 9d) be an (S, T, d)- 
admissible subgroup of G x G as given in i!^. For v G W'^ , let S{v,d) C S be given in 
and let v be a fixed representative of v in G. Then 

1 ) every (Ga, R) -double coset inCxC is of the form [m, v] for some v G W'^ and m G Ms{y^d)j 

2) Two double cosets [mi,vi] and [m2,V2\ in 1) coincide if and only if vi = V2 = v and mi 
and m2 are in the same Ry-orbit in Ms{y^d) /o?^ ihe Ry action on Ms{y^d) given in \3. 

We present the main induction step in the proof of Theorem 13. 71 in a lemma. Recall that each 
w G ^W'^ gives rise to the generalized BD-triple {Sw,Tyj,wd) in S as in Lemma HOI Set 

Nl^=Ns^nMs, and iY^'" = iV^ n M5. 
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Fix a representative w in G, and define 

(3.4) i?f = {{Ms^ X MtJ n ((id X Ad^)R)) (iVf^ x iV^-) . 

Then is an (5^1, T^, wd)-admissible subgroup of Ms x Ms defined by tlie subgroup Cs of 
Zs^, the subgroup w{Ct) of Zj-^ and the group isomorphism Ad^^^ : Ms^/Cs Mt^/w{Ct)- 

Lemma 3.8. 1) Every (G/\, R)- double coset in (G x G) is of the form [m,m'w] for a unique 
w € '^W^ and some m G Ms- 

2) [mi^m'T^w] = [m2,m'2w], where w € ^W'^ and (mi,rn-'^), (7712,772-2) £ M5 x Ms, if and only 
if (mi, nil) and (7772,7712) are in the same {{Ms) a, R^)- double coset in Ms x Ms- 
Proof. Consider the right action of Ps x on Ga\{G x G) by right translations. By the 
Bruhat decomposition G = {J^^siyr PswP^ , the set of {Ps x P^)-orbits is parameterized by 
the set {GA{e,w) : w G '%^^}. Let w G . The stabilizer subgroup of Ps x at GA{e,w) 
is P5 n {wP^w~^) considered as a subgroup of Ps x via the embedding 

(3.5) Ps n {wP^w-^) — > Psx P^ : ps> — > {ps, VJ-^psw)- 

Thus the set of P-orbits in Ga\{G x G) can be identified with the disjoint union over w G ^W"^ 
of the spaces of P-orbits in Pg n {w Pj^ w^^)\{Ps x P^). Thus, for every w G ^W'^, we have an 
injective map 

(3.6) {Ps n wP^w-^)\Ps X P^/R — > Ga\G X G/R 

given by {Ps H wPj^w^^){ps,Pq^)R \ps,wp^]- We will complete the proof by identifying 

(3.7) {Ps n {wP^w~^)\Ps X P-/P ^ (M5)a\M5 X Ms/P^ 

through a series of steps. Let vrg : P5 ^ M5 and vry : Pj7 ^ My be the projections with respect 
to the decompositions P5 = MsNs and P^ = MtN^ . Then tt^ x vr-r : P5 x P^ Ms x Mr 
gives an identification 

(3.8) Ps n {wPj:w-'^)\Ps X Pj;/R — > Ri\Ms x Mt/R2, 

where Pi = {tts x nT){Ps H {'wP^w~^)) and P2 = (M5 x Mt) H P. Since the projection from 
{Ms X Mt) n P to Mr is onto with kernel {Cs x {e}), the map 

0^ : (M5 X Mt)/P2 {Ms X Ms)/{Ms)a{Cs x {e}) 

that maps {ms,mT)R2 to (777'^, r775)((M5)A(C5 x {e})) is a well-defined bijection, where for 
777T G Mt, m'g is any element in Ms such that {m'g, ttit) G P2. Thus induces an identification 

(3.9) V'^ : Pi\M5 X Mt/P2 PsWs x Ms/{{Ms)a{Cs x {e})), 
where 

^3 =^ {{iT^'s^^s) S -^5 X Ms : 3mr G M^ such that {ms,rnT) G Pi, {m's,rnT) G P2}. 
By Theorem 2.8.7 of 0, 

(3.10) Psn(w;P^ti;-i) = (M5 n Ad^(MT))(Ms n Ad^(iV-))(iV5 n Ad^(MT))(iVs n Ad^(iV^)). 
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Note that Ms n Ad^(MT) = Msnn,(T), Ms n Ad^(A^^) = iV|n«;(T) = Ms n N^^^^^y and 
Ns n Ad^(Mr) = N^r^w-HS) = Mr n A^Tn«,-i(5)- Thus 

Ri = {(m,Ad^-i(m)) : m G Msnw{T)} (^|n^(T) ^ ^Tnw-HS)) ■ 

Therefore {m'g,ms) G R3 if and only if there exist n G ^snw{T)' '^i ^ ■^rnto-i(5)' ^'^'^ ^ 
^5n«)(T) such that 7715 = mn and (m'g, Ad^-i{m)ni) G i?2- It follows from the definition 
of R that {m'g,ms) G i?3 if and only if there exist m' G Ms^,m G M^r^, n G Nj,^ , and 
n' G Ng^ = MsDNs^ such that ms = mn,m'g = m'n' and (m', Ad^"'^(m)) G R. Thus R^ = R^. 
Since x {e} C R^, the (right) action of C5 x {e} on R^\{Ms x Mg) is trivial. Thus we have 

Rs\Ms X Ms/ms)A{Cs X {e})) ^ i^f \Ms x M5/((M5)a(C5 x {e})) 

^ i?|\M5 X Af5/(M5)A 

= (Ms)a\M5 X M^/fli 

where the last identification is induced by the inverse map of Ms x Ms- 

Combining the above identification with the identifications in (|l-i.8|) - (|ll9j) and the inclusion of 
(jHSl), we get a well-defined injective map {Ms)a\Ms x Ms/R^ Ga\G x G/R given by 

{Ms)A{m,m')Rl —> [((m')~\ ii'6'd(m~^))] = [{m'Y'^m.w] = [m,m'w\. 

This finishes the proof of Lemma 13.81 

Q.E.D. 

Proof of Theorem l3.7L By LemmaEHl each {Ga,R) double coset in Gx G determines a unique 
w G and a unique double coset [m,m']i G {Ms)a\Ms x Ms/R^. Let (5o, Tq, do, -wq) = 

{S,T,d,w). By successively applying Lemma IH?H1 to a sequence of smaller subgroups, we obtain 
a sequence q of quadruples = {Si,Ti, di,Wi) as in Notation 13.41 as well as a double coset in 
iMsi)A\Msi x MsjRi, where Ri is the subgroup of Ms^ x Ms^ defined analogously to R^. 

As in Notation 13.41 let iq be the smallest integer such that Sjg+i = Si^ and let v = Woo(q) = 
wiqWiq-i ■ ■ ■ wq. Then each (Ga, -R)-double coset in G x G is of the form [m, m'l)] for m G 
-^SiQ+i- By Proposition 13. 5( v G , and 5'i(,+i = S{v,d). Moreover, Ri^+i = Ri, by defini- 
tion. Thus double cosets in (M5'-^^^)a\M5.^^j x M5.^^^-^/i?j„_|_i coincide with double cosets in 
iMs(v^d))A\Ms(v,d) X Ms{v4)/Rv- It is easy to see that the map 

{Ms{v4))^\Ms{v,d) ^ Ms(.,4)/Rv — > Ms(^v,d)lRv '■ i — > [m'~'^m] 
is a bijection. This proves Theorem 13.71 

Q.E.D. 

3.3. GA-orbits in C. 

Notation 3.9. For a generalized BD-triple {S,T,d), V G /^space(35 ©^t); ""^ ^ Ms^^^d)-, v G VF'^, 
and {; G G a fixed representative of u in G, set 

(3-11) (5,T,d,y,?),m = Ad(^,))l5_T,d,y, 
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where ls,T,d,v is given in H2.4|) . Define 

(3.12) Ri, = {{mi,m[) G Mg^^^d) x ^5(i>,d) : ldixs{mi)) = XTiv^^rn'^ii)}, 
and let Ri, act on Mg^^y^^) (from the right) by 

(3.13) m ■ {mi,m'i) = (m'^)^^mmi, m G Ms(^y^(i)j S Ry. 
As an immediate corollary of Theorem 13.71 we have 

Corollary 3.10. Every GA-orbit in C passes through an is,T,d,v,v,m for a unique generalized 
BD-triple {S,T,d), a unique V G >Cspace(35 ©3r)' ^ unique v G W'^ , and some m G Mg(^.^^d)i 
Two such Lagrangian subalgebras ls,T,d,v,v,mi cind ls,T4y,v,m2 o,re in the same Gj\-orbit if and 
only if mi and m2 are in the same Ri,-orbit in M5(„ ,^). 

3.4. Normalizer subalgebras of at I G C For I = is,T,d,v,v,m as in Corollary 13. lUl we now 
compute its normalizer subalgebra n([) in g = = {(x,x) : x G g}. Introduce 

(f) := Adi,7rfX5Ad-^ : — > g. 

Consider the standard parabolic subalgebra Ps(v,d) its decomposition Ps{v,d) — ls{v,d) + 
Qs{v4)+'(^S{v,d) (see Notation Hini)- 

Lemma 3.11. The map 4> = Ady^aXs^d^ leaves each 0/35(1,^^), 5s{v,d)! ^.''T'd ^s{v,d) invariant. 
Moreover, cp : ns(v,d) ~^ ^s{v,d) nilpotent. 

Proof. Let x G is{v,d)- Then (p{x) = Adi,^dXs{x) G t). For a G S{v,d), since {vd)~^a G S{v,d), 

a{cP{x)) = iivd)-^a){xs{x)) = {{vdr^a){x) = 0. 
Thus (/>(x) G 2is(v,d)^ so is(v,d) is (/'-invariant. Since both Adyjd and Ad~"^ leave gs{v,d) invariant, 
we see that (j^ls^f^^ = Adi,7rfAd~^ leaves Qs{v,d) invariant. 

To show that xigf^^^d) is (/'-invariant and that (j) '■ ^s{v,d) ~^ ^s{v,d) is nilpotent, set T^^ = S+ — [S], 
and for j > 1, set 

(3.14) E+ = {a G S+ : a G [S],vda G [S], ■■■ , ivdy-\a) G [S], {vdy (a) ^ [S]}. 

Then S+ - [S{v,d)] = Uj>oS+ and fd(S+) C for j > 1. For j > 0, set nj = e^g^+fla- 

Then no = ns, and ns^v^d) = J2j>o^j is a finite direct sum. It is easy to prove by induction on 
j that 

(3.15) a G E+,/3 G [5(t;,d)],a + /3 G S ^ a + /? G E+, Vj > 0. 

It follows that [m5(„_^) , rij] C nj for each j > 0. Thus AdmUj = rij , Vj > 0. By setting n_-i = 0, we 
then have Adij-fdXsinj) C nj_i, Vj > 0. Thus (j){nj) C xxj-i for all j > 0, and cp : ns(v,d) ^ ns{v,d) 
is nilpotent. 

Q.E.D. 

Remark 3.12. Similar arguments imply the same statements for n^^^^-j. In particular, for 
j > 0, set nj = ©ogs+S-a ^^"^ ^et nl;^ = 0. Then (t){nj) C ^J-i for j > 0, = Hq , and 
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Since (p : n5(^ — > n5(„ is nilpotent, we can define 

^ := (1 _ = i + ^ + 02_^^3 + ...: ns(^^4) — > ns(^y^d)- 
Let S+ = {a € S+ : y-^a G S-}. Since v{[T] n S+) C S+, we have S+ C S+ - [S'(t',ci)]. Let 

n-v = ©„gs+0a = " n Ad^(n"). 

Then xiv C n5(^_rf) . 

Theorem 3.13. The normalizer subalgebra n([) in = q of \ = 'is,T,d,v,v,m in i^-Hp is 

i^(0=3s{M)+S5(M)+^("'')' 
where Qgi^^^^^ is the fixed point set of cplg^^^^^^^ = AdyjdA-d~} in Qs(v,d), "-^d 

i's(v,d) = {ze is{v,d) ■ ^ - ^(^) ^ Adi,3r} = {ze is{v,d) ■ 'ydXsiz) = XT(Ad^^z)}. 
Proof. The normahzer subgroup Rs,T,d of is,T,d,v in G x G has Lie algebra 
^S,T,d = (is ® 3t) + i^S © n^) + {{x, 7d(x)) : x e Qg} = {(x, y) G Ps © Pt : 7dXsix) = Xriv)}- 

Since [ = Ad(^rn,v)'^s,T,d,v, it follows that n([) = {x € g : (Ad^^x, Ad^^x) G r^^T.d}- Thus x G n([) 
if and only if x G p^ fl Adt,p^ and 7rfX5(Ad,^"'^(x)) = XT(AdT'^x), which is equivalent to 

(3.16) X - Adi,7dX5(Ad;;^(x)) G Adyi^T + "t)- 

Let xs also denote the projection 5 — > g^. with respect to the decomposition g = n^+^^+g^+n^, 
so (f) : X h-)- Adt,7rfXs(Ad~^x) is defined for all x G g. Let c be the set of all x G g satisfying 
(jSHH). Then n([) = c n (pg n Adi,p;^) . 

Consider the decomposition g = n^^^^ + +^s{v,d)- Since a ^ i^{[T]) implies that 

a ^ [S{v, d)], we have 

Adi,n^ = {AdyUj,) n + (Adi,ny) n n C n^^^^^^ + ns^y^d)- 
Moreover, it is easy to see that (Adi,n-^) PI n = (Adi,n^) PI ns(v^d) = ^v, so 

(3.17) Adi,n^ = (Adi,n^) n n^^^^^^^ + n„. 

Now let X G g and write x = x_ + xq + x+, where x_ G n^^^ d); ^0 S m.s(y^d)^ and x+ G ns{v,d)- 
It follows from Lemma [3 . 1 1 1 and 1)3. 17() that x G c, i.e., x satisfies p.l6p . if and only if 



(3.18) 



xo - (pixo) G Adi,32^ 

x+ — (/>(x+) G n^, 

x_ - ct>{x^) G (Adi,n;^) (^n'^^^^y 



Write Xq = zo + yo, where zq G is{v,d) and yo G Qs{v,d)- Since Adi,3T C }s{v,d) and since both 
is{v,d) and Qs{v,d) are invariant, xq — 0(xo) G Adi,3^ if and only if zq — (j){zQ) G Adi,3j. and 
yo - 4>{yo) = 0, which is the same as xq G ig^y^d) + Recah that tp = {1 - cp)-'^ on ns(„^rf). 

Thus, x+ — </>(x+) G n^, if and only if x+ G ipixXy). Since n„ C ns{v,d)^ 

ipiriy) C p5 n (n^, + (l)ins(y,d))) C P5 n (Adi,(n" + itit)) C p^ n Adi,py. 
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Note that ^'^^^^^^ + g^^^^^^ C n Ad^pj,. Thus c n (p^ n Adi,pj;) = 3'^^^^^) + g^^^^^^ + V'(n^) + c', 
where c' consists of all 

^- ^ n P5 n Adi.p^ C n-(^^^) n ms 

satisfying the third condition in (|3.18|) . It suffices to show that c' = 0. 

We regard the direct sum decomposition n^^^ = J2j>o^J from Remark 13.121 as a grading 

of n^^^ Let U = n^j.^ n = "^jy^nj and let Y = Adi,n^ fl n^^^ Clearly, U and Y are 

graded subspaces of n^^^^^^, since they are sums of root spaces. Since U C 05, is injective on 

U. Moreover, the image of <f> is in Ad{,(gy) so Y has zero intersection with the image of (p. The 
fact that c' = now follows from the following simple linear algebra fact in Lemma 13.141 

Q.E.D. 

Lemma 3.14. Let V = (BVi be a graded vector space with graded subspaces U and Y . Let 
(f) be an endomorphism of V such that 1) (j){Vi) C Vi^i for all i, 2) Y lm{(j)) = 0, and 3) 
U n Ker((/)) = 0. Then {v e U : v - (p{v) £Y} = 0. 

Remark 3.15. Theorem 13 . 1 31 implies that 

"(0 C Ps{v,d) ^ Adiipy = Ps{v,d) ^ Adi,p-p = ms{v,d) + n„ + ns{v,d) n Adi,mr 
and that n([) = n([) n ms(^v,d) + ti(0 {'^v + ^s{v,d) l~l Ad{,mT), where 

(n([) n ms(v^d))A = {d's{v,d) + 9t{v,d))^ = {'^s(v,d))A n Ad(^^^i,)ts,T,d, 
and n([) n (rit, + ns(v,d) ^ Adt,mT) is the graph of the map 

■j/;-l = (/)^/; = </, + (/)2^ : ns(v,d) n Adi,mT. 

In |Lu-Ylj . the map V'— 1 is shown to be related to some set-theoretical solutions to the Quantum 
Yang-Baxter Equation. 

3.5. Intersections of g^ with ( S C. By Corollary I3.1()| to compute (1 I for any [ S we 

may assume that [ = ls,T,d,v,v,m as given in (|3.11|1 . 

Proposition 3.16. For the Lagrangian subalgebra ls,T,dy,v,m given in i3.11\) . let the notation 
be as in Theorem \3. HA Then 

QA n is,T,d,V,v,m = Ad(m^i,)y' + {Ss{v,d) + V'K))^ , 

where V = {{z,v-^z) : z G ^'^^^^^^j H {V + {{x,jd{x)) : x G f)^}). 

Proof. Set i=lsT d,v,v,m- By Theorem 13. 131 

gA n [ C n([) = + gj(^^^) + ^(n„))^ . 

Since ^g^j-^ + ^(n^)^ ^ C I, we see that 

5a n [ = ((3'5(.,,))a n () + (g^(,_,) + V(n.))^ , 

and 

{i'siv4))^ n ' = {^'sm)^ n [ n ([) e 0) = Ad(„,,)y'. 
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Q.E.D. 

Recall that a Belavin-Drinfeld triple |B-Drj for g is a generalized Belavin-Drinfeld triple 
{S, T, d) with the nilpotency condition: for every a € S", there exists an integer n > 1 such that 
a, da, . . . , d"~-'^a G S but d"a ^ 5. The nilpotency condition is equivalent to S{l,d) = 0, where 
1 is the identity element in the Weyl group W . 

Definition 3.17. A Belavin-Drinfeld system is a quadruple (S", T, y), where {S,T,d) is a 
Belavin-Drinfeld triple, and F is a Lagrangian subspace of 35 ©3^ such that 

f)An(F + {(a;,7d(a;)) : x G f)^}) = 0. 

We now derive a theorem of Belavin and Drinfeld |B-Drj from Proposition 1^.161 

Corollary 3.18. [Belavin-Drinfeld] A Lagrangian subalgebra I of q (B Q has trivial intersection 
with 0^ if and only if I is G/;^- conjugate to a Lagrangian subalgebra of the form is,T,dy> where 
{S, T, d, V) is a Belavin-Drinfeld system. 

Proof. It is clear from Proposition 13.161 that D ls,T,d,v = if (5, T, d, V) is a Belavin- 
Drinfeld system. Suppose that n is,T,d,v,v,m = 0, where ls,T,d,v,v,m is as in (I.S.llj) . Since 
dim'0(nt;) = l{v), the length of v, and since every automorphism of a semi-simple Lie algebra 
has fixed point set of dimension at least one |Wij . v = I and S{l,d) = 0. In this case, V as in 
Proposition 13. 16l is given by 

V = ^^n{V + {{x,jd{x)) : xe^s}), 

so i)^ n {V {{x,jd{x)) : X G \js}) = 0, and we have ls,T,d,v,v,m = ^d(^m,v)h,T,d,v for some 
m € H and v G H. Note that in this case 

Ri, = {(/ii, /12) eHxH: -fdixsihi)) = XT{h2)} 

and Ri, acts on H from the right by h ■ (/ii,/i2) = hhih2^ , where h G H and (/ii,/i2) £ Rv- 
Consider m : Ri, ^ H : {hi, /i2) ^ /ii/ig ^. The assumption V' = implies that the dimension of 
the kernel of the differential of m is less than or equal to dim(3j'). It follows that the differential 
of m is onto, SO m is onto. By Oorollary l3. \0\ is,T,d,v,v^m 

is in the GA-orbit of IsTdV- 

Q.E.D. 

3.6. Examples of smooth GA-orbit closures in C. The closure of a GA-orbit in C is not 
necessarily smooth. We now look at two cases for which such a closure is smooth. 

Proposition 3.19. If I G C is such that Q/^Cil = 0, then Ga ■ I = {G x G) ■ I is smooth. 

Proof. We only need to show that dim(GA ■ Q = dim((G x G) • (). By Corollarv 13.181 we may 
assume that I = is,T,d,Vi where {S,T,d,V) is a Belavin-Drinfeld system, and so 

5a n xs,T,d = f}A n ((35 e 3t) + Vs)), 

where Vs = {{x,'yd{x)) : x G 1)^}. For a subspace ^4 of f) © f), let 

= {{x,y) G {)©[) : ((x,y),(xi,yi)) = OV(xi,yi) G A}. 
Then (f)^ n ((3s © 3^) + Vs)))^ = i)A + Vs- Since f)^nVs = 0, we have 

dim(f)^ n ((35 ©3t) + ^s))) = 2dimf) - dimf) - dimf)^ = dim^g. 
Thus dim(GA • = dim 3 — dim3_5 = dim((G x G) • [) by Proposition 12.171 
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Q.E.D. 

We now show that the De Concini-Procesi compactification of a complex symmetric space of 
G can be embedded into C as the closure of a GA-orbit in C. 

Let cj : — > 3 be an involution with lift a to G, and let g'^ and be the fixed subalgebra 
and subgroup of a. Let again [q- € £ be the graph of a. The orbit Ga • \-a may be identified with 
the complex symmetric space G/C^ . We will show that the closure Ga ■ la is isomorphic to the 
De Concini-Procesi compactification of G/G^ ^ which as defined as follows. Let dim(g'^) = m, so 

G Gr(m,s). Then G ■ ^ G/G", and := G~r, the closure of G • g'^ in Gr(m ,g), is the 
De Concini-Procesi compactification. It is smooth with finitely many G-orbits |D-Pj . 

We recall some basic results about involutions. Choose a cr-stable maximal split Cartan 
subalgebra f)^ of g, i.e., a cr-stable Cartan subalgebra \)g such that has maximal dimension. 
There is an induced action of a on the roots of \)g in g, and there is a positive root system 
for \)g with the property that if a G then either a{a) = a and o"|g^ = id, or 

a{a) ^ A weight A € t)^ is called a regular special dominant weight if A is nonnegative 

on roots in ct(A) = —A, and X{Ha) = for a simple implies that cr(a) = a. If A and /x 

are weights, we say A>;uifA — /x = ^ ^y+th \ ^aO- For a weight /i, let 7^ = hifJ- — <^{l^))- 

Lemma 3.20. [De Concini-Procesi, jD-Pj . Lemmas 4-1 O'^d 6.1] Let V he a representation of 
G, and suppose there exists a vector v such that G°" is the stabilizer of the line through v. 
Suppose that when we decompose v into a sum of weight vectors for fj^, v = vx + where v\ 
has regular special dominant weight A and each Vi has weight fii where A > /ij. Let [v] be class 
of V in Proj(V) and let X' be the closure of G ■ [v] in Proj(V). Then X' = Xfj. 

Proposition 3.21. There is a G-equivariant isomorphism Ga • la — Xu. 

Proof. To apply Lemma I3.2U1 let n = dim(g) and consider the diagonal action of G on F = 
'^"(fl ffi q) aiid the vector Ug- = A"([(j). In order to represent Va as a sum of weight vectors in 
'^"(fl ® 0)) we choose a basis. Let Ui, ■ ■ ■ ,Ui be a basis of f)^. Let f3i, . . . , f3s be the roots of 
Y!,^(\;)g) such that a{Pi) = f3i, and let ai, . . . ,at be the other roots in For each root a, 

choose a root vector Xa- Then 

{{Uu a{Ui))\i = 1, ...,/} U {(X±ft,X±ft)|i = 1, • • • , s} U {{X±a,,a{X±^.))\i = 1, • • • t} 

is clearly a basis of l^. Now Va- is the wedge of the vectors (Yi,a{Yi)) as Yi runs through the 
above basis, and contains the summand 

u: f\ {U,,am) f\ (X^,,0)A(X_^,,0) f\ , 0) A (0, 

i=l,...,l i=l,...,s j=l,...,t 

It is easy to see that n is a weight vector for the diagonal Cartan subalgebra with weight 
v := X]i=i t'^i~ ^i'^i)^ and 1/ = 2 X^j^^ ^ Oj on the subspace ■ Thus, is a regular special 
dominant weight by Lemma 6.1 in |D-Pj . Moreover, the other weight vectors appearing in v^- 
have weights tp such that ip is of the form — >oa£'E~^{i) ) Thus, by Lemma \'A.2()[ 

G^^X,. 

Note that using the Plucker embedding of Gr(n,g © g) Proj(V), we can identify G • v„ 
with Ga • la. Thus, Ga • la = Xa. 



Q.E.D. 
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Remark 3.22. Let d be the automorphism of the Dynkin diagram of q such that a = ^d-^dg^ 
for some qq. Consider the embedding 

which in turn gives an embedding of G/G^ into the De Concini-Procesi compactification of 
G. Proposition 13.211 then says that the closure of G/G'^ in is isomorphic to the De Concini- 
Procesi compactification of G/G^ . 



4. The Poisson structure Hq on C 

4.1. Lagrangian splittings of 0©0. By a Lagrangian splitting of q(Bq we mean a decomposition 
S®0 = (i + b, where li and h are Lagrangian subalgebras of g©0. By |E-L2j . every Lagrangian 
splitting 5 = Ii + b gives rise to a Poisson structure Hi^jj on C as follows: let {xj} be a 
basis for li and {^j} the basis for [2 such that {xj,S^k) = ^jk for 1 < j,k < n = dimg. Set 

1 " 

(4.1) R=^Y.{^i/\Xj)eA\Q(B5). 

i=i 

The action of G x G on £ defines a Lie algebra anti-homomorphism k from g © g to the space 
of vector fields on C Set 

1 

i=i 

Proposition 4.1. |E-L2j For any Lagrangian splitting d = li + [2, the bi-vector field on 
C is Poisson with the property that all Li and L2-orbits in C are Poisson submanifolds with 
respect to [j, where, for i = 1,2, Li is the connected subgroup of G x G with Lie algebra U. 

The rank of can be computed as in the following Lemma 14.21 A version of Lemma 14.21 
first appeared in |E-L2j . and a generalization of Lemma 14.21 can be found in |Lu-Y2j . 

Lemma 4.2. For [ G C, let ng®g(l) be the normalizer subalgebra of I in g © g, and let 
(ngeg(O)^ = {x G g © g : (x, y) = Vy € ngeg(Q}- Set 

r(0 = [inn3e0(O + (n0eg(O)^ cg©g. 

Then T([) G C, and the rank ofJl{^^\^ at [ is equal to dim(Li • [) — dim([2 n T{[)), where Li ■[ is 
the orbit in C of Li through [. 

Example 4.3. It is also clear from the definition of that is tangent to every {G x G)- 
orbit in C. Thus every (G x G)-orbit in £ is a Poisson submanifold of (£, Ht^ ^2)7 ^'^d its closure is 
a Poisson subvariety. For example, let d be a diagram automorphism and consider the embedding 
of G into C as the (G x G)-orbit through [^^ = {(x,7rf(x)) : x G g}: 

(4.2) G^C: 5^{(^,7dAdg(x)) :xGg}. 

By Proposition 14.11 every Lagrangian splitting of g © g gives rise to a Poisson structure Hjj 
on G which extends to the closure Z(i{G) of G in C 
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Example 4.4. By a Belavin-Drinfeld splitting we mean a Lagrangian splitting = li + I2 
in which (i = 0^. By Corollary 13.181 I2 is conjugate by an element in Ga to an l.s,T,d,v, where 
{S, T, d, V) is a Belavin-Drinfeld system f Definition 13 . 1 7() . We will also denote a Belavin-Drinfeld 
splitting by 0©0 = 0^ -|- Ibd, and denote by Hbd the corresponding Poisson structure on C. By 
Proposition 14.11 all the GA-orbits in C as well as their closures are Poisson submanifolds with 
respect to any Hbd- For example, for a diagram automorphism d, equip G and Z(i[G) with the 
Poisson structure Hbd via the embedding 1)4. 2() . Then every d-twisted conjugacy class in G, as 
well as its closure in Z(i{G), is a Poisson subvariety with respect to every Hbd- As a special 
case, every complex symmetric space G/G" , as well as its De Concini-Procesi compactification, 
inherits the Poisson structure Hbd this way. See Remark 13.221 

Lagrangian splittings of up to conjugation by elements in G x G have been classified 
by P. Delorme |Dej . A study of the Poisson structures Hi^^j defined by arbitrary Lagrangian 
splittings = li + [2 will be carried out in |Lu-Y2j . 

For the rest of this section, we will only be concerned with the standard Lagrangian splitting 
of 0, namely, the splitting = 0a + 0sti where 

0s*t = ()-A + (n0n-). 

We will denote by LIq the Poisson structure on C determined by the standard Lagrangian split- 
ting. We will compute the rank of Ho everywhere on C As a consequence, we will see that every 
non-empty intersection C fl C of a GA-orbit O and a (B x i?~)-orbit O' is a regular Poisson 
subvariety of Ho, and that the subgroup H/\ = {{h,h) : h £ H} of Ga acts transitively on the 
set of all symplectic leaves in O O', where H = B f] . 

4.2. The rank of the Poisson structure Hq. Let O be a GA-orbit in C and O' a {B x B^)- 
orbit in C such that O fi C / 0. Since (b0b~) + 0A = 000, O and O' intersect transversally 
in their (G x G)-orbit. Since both O and O' are Poisson submanifolds for Ho, the intersection 
O n C is a Poisson submanifold of {C,II.q). Thus, it is enough to compute the rank of Ho as a 
Poisson structure in Or\0' . By Theorem 12. 16| there exists a generalized Belavin-Drinfeld triple 
{S, T, d) and V £ £space(3s 03t) such that O, C C (G x G) • ls,T,d,v with ls,T,d,v given in ((231). 
By Corollaries 12.211 and 13. 101 there exist w G W, v,vi G W'^, and m G Ms(v,d) such that 

(4.3) O = Ga • Ad(„,^) ls,T,dy , O' = {B x B') ■ Ad(^,^,) {s,t4,v 
where v and vi are representatives of w, v, and vi in G respectively. Set 

(4.4) Xs,T,d,v = : z G }s{v,d)^^d{xs(.z)) = Xt(.v-^z)} + VsCi)®\j 

with Vs = {(x,7rf(x)) : x G f)^}. One shows directly that Xs^T,d,v is a Lagrangian subspace of 
f)0[). 

Theorem 4.5. Let O and O' he as in and suppose that O D O' ^ 9. The rank o/Hq at 

every i £ O nO' is equal to 

dim(0 n O') - dim{i)_^ D {w, vi)Xs,tav)^ 
where Xs^T,d,v is given in i4-4\ )- -^^ particular, O DO' is a regular Poisson submanifold oJUq. 
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Proof. Let I = Ad(^gg-^Ad(^fyi^^-^is^T,d,v ^ C?, where g & G, and let T([) be as in Lemma Then 
the rank of Hq at [ is equal to dim(GA ■ l) — dim(g*^ fl T([)). It follows from the definition of T([) 
that T([) = Ad(^g^g^T{Ad(^rn,v)^s,T,dy)- Let r'^.^,^ = (n^ n^) + {(x,7d(x)) : x G g^}, and let 

(4-5) ^S,T,d,v = Xs,T4,v + ^'s,T,d- 

By Theorem 13.131 

^(Ad(m^i,)[5_T,d,y) = Qa^ ^'^{m,v)^S,T,d + Ad(^m^i,)x's^j'^^ 

= (3s{^,d)) A + {4iv,d) + V'K)) ^ + Ad(„,^)4r,d- 
Since Ad(-^ .) (0j(^^rf) + V'(n„))^ C r'^^,^, we have 

Thus the rank of Hq at I is equal to Rankno([) = dimO — dim(0*^. fl Ad(^g^^g^-^ls^T,d,v) ■ Let 

6 = dim((b © b") n Ad(^g^^gi,)Xs,T,d) - dim(g*t n Ad(^gm,g^)ls,T,d,v)- 
Then Rankno(0 = dimO + 6 — dim((b © b~) fl Ad(^g^ gi,-^Xs,T,d)- Since 

dimC = dim(b © b~) - dim((b © b") n Ad(^gm,gv)is,T,d), 

we have 

Rankno (0 = dim C + dim O' + 5 - dim(b © b") = dim O + dim C + 5 - 2 dim b. 

Since O and O' intersect transversally at [ inside the (G x G)-orbit through [, and since dim(G x 
G) ■ I = dim g — dim 35 by Proposition 12.171 we have 

Rankno (0 = dim(0 n O') + dim((G x G) • () + 5 - 2 dim b 
= dim(C' n C) - (dim^s + dim f)) + 6. 

It remains to compute 5. Since [ G On C, there exist r G Rs,T,d and {b,b^) £ B x such that 
{gm,gv) = {b,b-){w,vi)r. Using Ad(fc^b-)(b © b") = b © b" and Ad(fe^b-)0<,t* = 5st*, we have 

6 = dim((b © b") n Ad^^^^^-)Xs,T,d) - dim(0*t n Ad(^^^i,^)ls,T,d,v)- 
Set y = (n © n~) n Ad(^,i,,) {{ns © n^) + spanc{(^a, 7d(^a)) : a G [5]}) . Then 

(b © b^) n Ad(^,^^)rs,T,d = (^«, © 3t + ^s) + 
Since F C 0*t Pi Ad(^;,^^,^)[s,T,d,i;, we have 0*^ n Ad(^^^i,^)l s,T,d,v = y + f)-A n {w,vi)Xs^T,d,v Thus 
(5 = dim(35 © 3^. + V5) - dim(f)_^ n {w, vi)Xs,T,d,v) 
= dim^s + dimf) - dim{t)_^ n (if;, ^'l)X5,T,d,^))• 
Thus the rank of IIq at [ is equal to dim(0 n O') — dim{l)_^ n {w, vi)Xs,T,d,v)- 

Q.E.D. 

Remark 4.6. Our conclusion that O n C is a regular Poisson manifold for IIq follows immedi- 
ately from our computation of the rank of IIq. It will be shown in |Lu-Y2j that a similar result 
holds for the Poisson structure 11(^ (2 on C defined by any Lagrangian splitting © = ti + [2. 



27 



Corollary 4.7. Equip G with the Poisson structure Hq via the embedding of G into C in \4-^ 
for d = 1. Let C be a conjugacy class in G and let w he such that G PI [B^wB) ^ 0. Then 
the rank ofli^ at every point in C D {B~wB) is 

dim G -l{w) -dim{i)-'"), 

where l{w) is the length of w, and = {x G f) : w{x) = —x}. In particular, G n B^B is an 
open dense leaf for G, and Uq is degenerate on the complement of B~B n C in G. 

Proof. By ProDosition l4.11 C is a Poisson submanifold of (G, Hq). By the Bruhat decomposition, 
G = U^n<.w{Cn{B-wB)). Since B'B is open in G and CnS / (Theorem 1 on P. 69 of jSt ), 
G n B^B is open and dense in G. The rank formula follows from Theorem 14.51 and it follows 
easily that G D B~B is a symplectic leaf and Ho is degenerate on C fl (B^wB) ii w ^ 1. 

Q.E.D. 

Remark 4.8. By Corollary 14.71 any unipotent conjugacy class (and its closure in Zi{G)) has 
an induced Poisson structure Ho with an open symplectic leaf, although the structure is not 
symplectic unless the orbit is a single point. Since the unipotent variety is isomorphic to the 
nilpotent cone in g*, it follows that every nilpotent orbit in g* has an induced Poisson structure 
with the same properties. It would be quite interesting to compare this structure with the 
Kirillov-Kostant symplectic structure. 

Example 4.9. Consider the closed (G x G)-orbit through a Lagrangian subalgebra of the form 
V + (n © n^), where V is any Lagrangian subspace of f) © f). Such an orbit can be identified 
with G/B X G/B~ , so we can regard Ho as a Poisson structure on G/B x G/B^ . Let O be a 
GA-orbit and let O' he a {B x S-)-orbit in G/B x G/B' such that Or\0' By the Bruhat 
decomposition of G, there are elements w,u,v such that 

O = Ga • {B, wB-), O' = {Bx B-) ■ {uB, vB-). 

The stabilizer subgroup of Ga = G at the point {B,wB-) G G/B x G/B' is B n w{B-). 
Identify O ^ G/{B D w{B-)), and let p : G ^ O ^ G/{B D wiB-)) be the projection. It is 
then easy to see that O H O' = p{Gw^) C O, where 

G^ = (BuB) n (B'vB-w-^). 

We will refer to Gw^ as the shifted double Bruhat cell in G determined by n, v and w. Note that 
B n w{B~) acts freely on Gw^ by right multiplications, so 

or\0' ^ GY /{Br\w{B-)). 

Since dimO = dimg — dimf) — l{w) and dimO' = l[u) + l{v), we have 

dim(0 n O') = dimO + dimC - dim{G/B x G/B') = l{u) + l{v) - l{w), 

and dimGw^ = l{u) + l{v) + dim.\]. By Theorem 14.51 the rank of IIq at every point of O n O' is 

l{u) + l{v) - l{w) - dim , 

where P)~" ^'"'^ ^ = {x ^ : u~^vw~^x = —x}. When u; = 1, we have O = G/H, and 
O n C ^ G'^'^/H, where G""'" = G"^'" is the double Bruhat ceh in G determined by u and v. 
The set G'^'^/H is called a reduced double Bruhat cell in [Z]- In |K-Zj . Kogan and Zelevinsky 
constructed toric charts on symplectic leaves of IIq in OnO' (for the case when = 1) by using 
the so-called twisted minors that are developed in |Fm-Zj . and they also constructed integrable 
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systems on the symplectic leaves. It would very interesting to generalize the Kogan-Zelevinsky 
construction to all symplectic leaves of Ho in G/ B x G/B^ . 

4.3. The action of on the set of symplectic leaves of the Poisson structure Ho. 

Proposition 4.10. Let D he a connected complex algebraic group with connected algebraic 
subgroups A and G . Suppose there exists a connected algebraic subgroup Gi d G such that the 
multiplication morphism A x Gi ^ D is an isomorphism to a connected open set U of D. Let X 
be a homogeneous space for D such that the stabilizer in D of a point in X is connected. Then 
any nonempty intersection of an A-orbit in X with a G -orbit in X is smooth and connected. 

Proof. Let A- xOG -x he a nonempty intersection of orbits in X, and note that this intersection 
is smooth since the hypotheses imply that the orbits intersect transversely. We show there is a 
fiber bundle n : V ^ U, with fiber 7r-^{e) = A ■ x n G ■ X over the identity and V connected, 
that is trivial in the Zariski topology. This implies the connectedness of the intersection, and 
hence the proposition. The proof is inspired by the proof of Kleiman's transversality theorem. 

Let Y = G ■ X and Z = A ■ x. Let h : D x Y ^ X he the action map and let z : Z ^ X be 
the obvious embedding. Let W = {D x Y)xxZ he the fiber product. Then /i is a smooth fiber 
bundle (see the proof of 10.8 in |Hart j ) and the fibers h~^{x) are connected. For the second 
claim, note that h~^{x) = {(d, c-x) : dc-x = x} and : h~^{x) — > D^-G given by "(/^(d, c-x) = d is 
an isomorphism. Since and G are connected, the claim follows. Thus, the induced morphism 
from W ^ Z also has connected fibers. Since Z is connected, it follows that W is connected. 
Moreover, W is smooth (again by the proof of 10.8 in |Hartj ). so W is irreducible. 

Let -n -.W ^ DxY ^ Dhe the composition of the induced fiber product map with projection 
to the first factor. Since tt~^{U) is open in W , it is smooth and irreducible, and thus connected. 
Note also that 7r~^(e) = Yr\Z. It remains to show that vr : vr {U) — > [/ is a trivial fiber bundle. 
We define a free left A action and a free right Ci action on W by the formulas 

a ■ {d,y,z) = {ad,y,a- z) 
c- {d,y,z) = {dc,c'^ ■y,z) 
a€A,ceG,d€D,yeY,zeZ 

A and Ci have the obvious free left and right multiplication actions on U, and n : ■k~^{U) U 
is equivariant for these actions. It follows that the morphism 

<j) : A X Gi X {A ■ xDG ■ x) ^ ir^^iU), {a,c,v) ^ {ac,c~^ ■v,a-v), a e A,c e Gi,v eY n Z 

is a bijection, and hence is an isomorphism since tt~^{U) is smooth. Thus the fiber bundle is 
trivial. 

Q.E.D. 

Remark 4.11. We thank Michel Brion for suggesting this approach. Note that the Proposition 
14.101 is false as stated if we only assume that ^4 • C is open in D. For example, let A = Ga, 
and let G = {{nh, h~^n~) : n € N,h € H,n~ € N^} he the connected subgroup oi D = G x G 
corresponding to 0*^. Let X = D and let D act on X by left translation. Then the intersection 
of the A-orbit and the C-orbit through the identity element of D is An C which is disconnected. 

Proposition 4.12. The intersection of any G A-orbit and any {B x B^)-orbit in C is either 
empty or a smooth connected subvariety of C. 
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Proof. This is a consequence of Proposition I4.1U1 Indeed, we take A = G/\, C = B x B^, 
D = G X G, and Ci = B x . The fact that the stabihzer of a point in C is connected follows 
from Lemma 12.191 

Q.E.D. 

l^ei H = Br^B- and let i^A = {{K h) : h e H}. For every GA-orbit O and every {B x B')- 
orbit O' such that O fl C 7^ 0, clearly leaves O nO' invariant. It is easy to show that the 
element R € A^(g©0) given in (|4.1|) is invariant under Ad(/j /j) for every h ^ H. Thus the Poisson 
structure IIq on C is i^A-hivariant. In particular, for every h & H, Ad^/^ /j)f is a symplectic leaf 
of Ho in O n O' if £ is. 

Lemma 4.13. Let O be a G^-orbit and O' a {B x B-)-orbit in C such that OnO' ^9. Let £ 
be any symplectic leaf of Uq in O D O' . Then the map 

a: Hx£ — >0r\0' : (/i, [) 1 — > M^h^h)^ 

is a submersion. 

Proof. Let e be the identity element of H and let [ € f . It is enough to show that 

dim ker (e, [) = dim f) + dim £1 — dim O (1 O', 
where a^e, I) : i) x Ti£ ^ Tt{0 n C) is the differential of a at (e, I). 
We may assume that O and C are given in (|4.3|) . and that 

for some g G G and (b,b^) G B x B^ . By Theorem 14. 5| it is enough to show that 

dim(ker (T=K(e, [)) = dimf] — dim(f)_A ^ {w,vi)Xs,T,d,v), 
where Xs^T,d,v is given in 1)4. 4(1 . Identify the tangent space of O at [ as 

TlO ^ 0a/(0A n Ad(3^,3^)t5,T,<i) 

and let q : ^ 0a/(0a ^ Ad(^gm,gv)^s,T,d) be the projection. Let p : g g ^ 0a be the 
projection with respect to the decomposition © = 0a + Sst- tbe computation of T([) in 
the proof of Theorem 14.51 the tangent space of at I is given by 

Ti£ = (qop) [Ad(gjn,gv) is,T,d,v) , 

where ls,T,d,v is given in 1)4. 5() . For x £ i), let Kx be the vector field on O n C that generates 
the action of Ad(expta:,expta:)- Then ker c7*(e, [) = {x G : Kx{1) G Ti£}. Let x € f). If Kx{1) € Ti£, 
then there exists y G g and (2/1,^2) G 0st with (y + yi, y + 2/2) S M(^gjn,gv)is,T,d,v such that 

{x - y,X - y) e Qa^ Ad(^gm,gv)^S,T,d = gA ^ Ad(^gm,gv)is,T,d,v 

It follows that (x + + 2/2) € (b © b^) n Ad(g„ g^)[5^T^rf^^. Let r G Rs,T,d be such that 
{gm,gv) = (bw,b~vi)r. Then 

= Ad(;,,;,-) ((b © b ) n Ad^^,i,^)ls,T,d,v) ■ 

Thus there exists (y'i,y2) ^ 0st such that 

{x + y[, x + y'2) e{b® b") n Ad 
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If {y',-y') is the {)_A-component of {y[,y2) G Sst) then {x + y',x-y') G {w,vi)Xs,T,d,v Thus 
{x, x) G p{{w, vi)Xs^T,d,v), where p denotes the projection f) © f) ^ flA along f).^. Conversely, if 
X G f} is such that {x,x) G p{{w,vi)Xs^T,d,v)i then there exists y' G f) such that 

{x + y',x -y') G {w,vi)Xs,T,d,v C kd(^yj^i,^)\s,T,d,v, 
and thus Ad(fc_;,-)(x + y',x - y') G Ad(gm^g^)[5,T,d,t,- Since 

^^{b,b'){x + y',x-y') = {x + y',x-y')uiod{n®xr), 
we see that p(Ad(b + — y')) = {x,x), so ^^^(t) G Tjf. Thus we have shown that 

kercr*(e, [) = {x G P) : (x,^) G wi)X5^T,d,i,)}- 

It follows that dim(ker (T,,(e, I)) = dimf} — dim(f)_^ n {w,vi)Xs^T,d,v)- The lemma now follows 
from Theorem 14.51 

Q.E.D. 

Theorem 4.14. For every G/^-orhit O and every {B x B^)-orbit O' such that OCiO' ^, 
acts transitively on the set of symplectic leaves ofHo in O nO'. 

Proof. For [ G O fl C, let £[ be the symplectic leaf of Ho through I, and let 

Ti= \J Ad^f,,h)£i CO no'. 

Then it is easy to see that either T[ n JT;/ = or Ti = T\i for any [, [' G O fl O' . It follows from 
Lemma 14.131 that J-\ is open in (9 fl C for every [. Since O fl O' is connected by Proposition 
Or\0' = Ty for every [ G O n C. 

Q.E.D. 

5. LAGRANGIAN SUBALGEBRAS of © [) 

Let again g be a complex semi-simple Lie algebra with Killing form ^ , Let C g be a 
Cartan subalgebra. In this section, we will consider the direct sum Lie algebra g © f), together 
with the symmetric, non-degenerate, and ad-invariant bilinear form 

(5.1) (x2,y2)) =< a;i,X2 > - < yi,y2 », X2 G g, yi, y2 G f). 

We wish to describe the variety C{q © \)) of Lagrangian subalgebras of g © with respect to ( , ). 
We can describe all such Lagrangian subalgebras by using a theorem of Delorme jPej . 

Definition 5.1. |Dej Let m be a complex reductive Lie algebra with simple factors rrij, i G /. A 
complex linear involution o" of m is called an /-involution if a does not preserve any raj . 

Theorem 5.2. jPej Letu he a complex reductive Lie algebra with a symmetric, non- degenerate, 
and ad-invariant bilinear form (3. 

1) . Let p be a parabolic subalgebra of u with Levi decomposition p = m + n, and decompose m 
into m = m + 3, where m is its semisimple part and 3 its center. Let a be an f -involution ofm 
such that is a Lagrangian subalgebra of m with respect to the restriction of f3, and let V be 
a Lagrangian subspace of i with respect to the restriction of /?. Then [(p, a, V) := © y © n is 
a Lagrangian subalgebra of u with respect to [3. 

2) . Every Lagrangian subalgebra of u. is \.{p,a,V) for some p, a, and V as in 1). 
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Proposition 5.3. Every Lagrangian subalgebra o/g © f) with respect to {, ) given in i5.1\) is of 
the form n + V, where n is the nilradical of a Borel subalgebra b of q, V is a Lagrangian subspace 
o/f) © f), and n + V = {(x + ^1,2/2) ■ x e n, (^1,2/2) e V}. 

Proof. Applying Delorme's theorem to our case of u = 5 © f) and ( , ) as the bihnear form /?, 
every Lagrangian subalgebra of g © f) is of the form 

1 = {{x + yuy2) ■■ X G ffi'^ + n, (^1,^2) e V} 

for some parabolic subalgebra p of g with Levi decomposition p = m + n = rn + 3 + n, an/- 
involution a on rn, and a Lagrangian subspace y of 3 © f) . We will now show that if m 7^ and 
if a is an /-involution of m, then m'^ is not an isotropic subspace of m for the restriction of the 
Killing form ^ , S> of g to rfi. It follows that p must be Borel, which gives Proposition 15.31 

Assume that m 7^ 0. Let rrij be a simple factor of m. Then since rrij is simple, it has a unique 
nondegenerate invariant form up to scalar multiplication. Hence the Killing form <C , S> of g 
restricts to a scalar multiple of the Killing form of m.i . Recall that the Killing form on a maximal 
compact subalgebra of a semisimple Lie algebra is negative definite. It follows that the Killing 
form of g restricts to a nonzero positive scalar multiple of the Killing form on nxj. Suppose that 
a is an involution of m mapping rrij to rrij with i ^ j. Then a is an isometry with respect to the 
Killing form of mj and the Killing form of rrij. Thus, there exists a nonzero positive scalar /i such 
that ^ a{x),a{y) ^= fi <^ x,y S>,Vx,y € mj. The fixed point set in'^ contains the subspace 
{x + cr(x) : X £ mi}. Let x be a nonzero element of a maximal compact subalgebra of mj. Then 
<C X + (t(x), X + (t(x) S>= (1 + /i) <C X, X, 0. Thus cannot be isotropic with respect to 
<, ». 

Q.E.D. 

Let G be the adjoint group of g, and let B be the Borel subgroup of G corresponding to a 
Borel subalgebra b. 

Theorem 5.4. The variety C{Q(Bi)) is isomorphic to the trivial fiber bundle overG/B with fibre 
>Cspace(f} © f)) (; ))• -^'^ particular, C{q © fj) is smooth with two disjoint irreducible components, 
corresponding to the two connected components o/>Cspacc(f} © f), ( , ))• 

Proof. Identify G/B with the variety of all Borel subalgebras of g. We map /3(g©f)) to G/i? by 
mapping a Lagrangian algebra [ = n + y to the unique Borel subalgebra with nilradical n. The 
fiber over n nia,y be id-Gntificd. with. >Cspace ® 1)) ( ) ))• The claim about connected components 
follows from the fact the bundle is trivial. 

Q.E.D. 
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